Deformations of sandy soils around geotechnical structures generally involve strains in the range small (0 . 01%) to medium (0 . 5%). In this strain range the soil exhibits non-linear stress-strain behaviour, which should be incorporated in any deformation analysis. In order to capture the possible variability in the non-linear behaviour of various sands, a database was constructed including the secant shear modulus degradation curves of 454 tests from the literature. By obtaining a unique S-shaped curve of shear modulus degradation, a modified hyperbolic relationship was fitted. The three curve-fitting parameters are: an elastic threshold strain ª e , up to which the elastic shear modulus is effectively constant at G 0 ; a reference strain ª r , defined as the shear strain at which the secant modulus has reduced to 0 . 5G 0 ; and a curvature parameter a, which controls the rate of modulus reduction. The two characteristic strains ª e and ª r were found to vary with sand type (i.e. uniformity coefficient), soil state (i.e. void ratio, relative density) and mean effective stress. The new empirical expression for shear modulus reduction G/G 0 is shown to make predictions that are accurate within a factor of 1 . 13 for one standard deviation of random error, as determined from 3860 data points. The initial elastic shear modulus, G 0 , should always be measured if possible, but a new empirical relation is shown to provide estimates within a factor of 1 . 6 for one standard deviation of random error, as determined from 379 tests. The new expressions for non-linear deformation are easy to apply in practice, and should be useful in the analysis of geotechnical structures under static loading.
INTRODUCTION
The degradation of shear modulus with strain has been observed in soil dynamics since the 1970s, and the dependence of secant shear modulus G on strain amplitude was illustrated for dynamic loading by a number of researchers using the resonant column test or improved triaxial tests (Seed & Idriss, 1970; Hardin & Drnevich, 1972a , 1972b Iwasaki et al., 1978; Kokusho, 1980; Yamashita & Toki, 1994) . The same concept has been applied to static behaviour from the mid-1980s (Jardine et al., 1986; Atkinson & Salfors, 1991; Simpson, 1992; Fahey & Carter, 1993; Mair, 1993; Jovicic & Coop, 1997) . Today, non-linear soil behaviour is a widely known and well-understood concept. However, there are some limitations to incorporating this concept into numerical models for sands because of the potential complexity of constitutive models, the requirements of special testing (Atkinson, 2000) , and, above all, the difficulty of obtaining undisturbed samples of sandy materials. In geotechnical practice, decision-making must usually be based on simple calculations using a few parameters that can be found easily from routine tests. Simple but effective models of non-linear soil behaviour should be developed to satisfy this demand. The possible errors arising from the use of simple models must then be quantified.
The stiffness of soils cannot be taken as constant when strains increase to the magnitudes generally encountered around geotechnical structures. The degradation of shear modulus with strain should therefore be incorporated into deformation analyses. There are numerous publications in the literature on the deformation behaviour of sands. Studies based on micromechanics seek to reveal the physical origins of behaviour in the non-linear elastic region. Although the following section reviews the shear modulus degradation of sandy soils only in the context of continuum mechanics, some micromechanical insights will emerge later when data are examined. And although the current trend is for determining the stiffness of sandy soils by in situ testing, the focus here will be on the use of laboratory data obtained from reconstituted and/or high-quality undisturbed samples and reported in the literature. The issue here will be the degree of uncertainty involved in the prediction of such sophisticated data using routine classification data.
A tremendous amount of work has been done to determine the very-small-strain shear modulus and its reduction with strain. Necessarily, only a few studies will be mentioned. Following the development of the resonant column test, Hardin & Black (1966) demonstrated the influence of void ratio (e) and mean effective stress (p9) on the maximum (elastic) shear modulus, G 0 , through an empirical equation of the form
where F(e) is a function of void ratio, and A and m are material constants. Hardin & Black (1966) proposed F(e) ¼ (e g À e) 2 =(1 þ e), where different values of e g , A and m were proposed for sands of differing angularity. This basis has been much used in research and practice; today there is a general acceptance of taking m as 0 . 50, which happens to conform to Herzian theory for the pressure dependence of conical contacts (Goddard, 1990) .
Later research has demonstrated that it is the mean effective stress acting in the plane of shear that controls shear modulus, rather than the mean effective stress in three dimensions (Roesler, 1979) . Accordingly, in the tests on axially symmetric soil samples to be reported here, the controlling effective stress should be taken as s9 ¼ (ó 9 1 þ ó 9 3 )=2 rather than p9 ¼ (ó 9 1 þ ó 9 2 þ ó 9 3 )=3: Nevertheless, it will be p9 that will be used in the following, chiefly because that is what the original authors invariably quoted. Once recognised, of course, this constant arithmetical factor can easily be accounted for in plane-strain applications, for example. Seed & Idriss (1970) published the first database of shear modulus degradation curves for sand, for the purpose of earthquake site response analysis. This S-shaped curve was obtained for 75 tests on a total of 30 sands, with a wide range of confining pressure, relative density and void ratio. Hardin & Drnevich (1972b) , Iwasaki et al. (1978) , Kokusho (1980) and the many others showed that equation (1) can be used to calculate a shear modulus for small to medium strains. They used the G/F(e)-p9 relation to obtain straindependent parameters A and m, which generally exhibited the same trend: A tends to decrease and m tends to increase with strain. Index m is generally 0 . 5 from very small to small strains and then increases towards 1 for large strains. Jovicic & Coop (1997) showed that both A and m have S-shaped relations with the logarithm of strain.
A number of researchers have advocated that the grain size and uniformity of sands affects their stiffness. Iwasaki & Tatsuoka (1977) defined, as an additional multiplier in equation (1), a parameter B representing the influence of uniformity coefficient U c , and fines content. Menq (2003) proposed an additional multiplier depending on U c , and suggested that index m was also affected. Hardin & Kalinski (2005) introduced a diameter parameter f (D) to calculate the maximum shear modulus for gravelly soils, but the dimensional nature of this particular factor is problematic.
The non-linear stress-strain behaviour of soils at small to medium strains is mostly represented by some form of hyperbolic stress-strain relationship. Hardin & Drnevich (1972b) proposed this relationship as
where G is the secant shear modulus at any strain, G 0 or G max is the elastic (maximum) shear modulus (e.g. G at ª ¼ 0 . 0001%), and ª r is the reference shear strain, which is defined by ô max /G 0 : The disadvantage of this approach is the difficulty in finding ô max : The authors also indicated that this true hyperbolic relationship did not generally fit their data. They therefore used a distorted strain scale, which they called 'hyperbolic shear strain'. Fahey & Carter (1993) reorganised the hyperbolic model so that modulus reduction became a function of shear strength mobilisation, as seen in equation (3). In addition to requiring ô max , this also uses empirical parameters f and g. They showed some success fitting this three-parameter model to the data of a wide range of soils.
Darendeli (2001) proposed a modified hyperbolic model based on testing of intact sand-gravel samples
where a is called the curvature parameter, and ª r is the reference strain value at which G/G 0 ¼ 0 . 50. This model uses only two parameters, and the reference strain provides an efficient normalisation of shear strain. In order to comprehend the non-linear elastic behaviour of sands, and to produce a best-fit functional relationship, a new database has been constructed incorporating shear modulus degradation curves from the literature. This curve-fitting process has led to new interpretations and definitions that facilitate prediction of the shear modulus degradation of sands with strain, based on elementary soil classification data.
STIFFNESS DATABASE OF SANDY SOILS
Because of the difficulty of sampling, and the requirements of sophisticated element tests, most engineers prefer in situ testing to laboratory testing to determine the stiffness of sands. However, extensive laboratory stiffness data already exist for sandy soils, appearing in publications from the 1970s onwards, aimed at identifying the maximum shear modulus and the rate of shear modulus reduction with strain. Researchers have used both reconstituted specimens and high-quality undisturbed samples with equipment adapted to measure small-to-medium strains with good resolution.
In order to collect all available shear modulus degradation curves and data from static and dynamic tests, a wide trawl was done through the literature. More than 70 references were used, and more than 500 curves were digitised to create a database. Eventually 454 tests were selected from 65 references. The relationship between normalised shear modulus (G/G 0 ) and shear strain (ª) for the 454 selected tests is plotted in Fig. 1 . The corresponding 65 references with selected information from the database are summarised in Table 1 . As seen in Fig. 1 , points from each published test are merged to create a curved but well-defined degradation zone. Three different procedures were used to generate these points.
(a) If a G-ª or G/G 0 -ª curve was drawn using a solid line, three points were located within each tenfold strain interval starting from 10 À6 strain. (b) If G-ª or G/G 0 -ª data comprised points with a number of less than 20, then all the points were selected. (c) If the number of points was more than 20, a similar process was adopted as for solid lines.
The scatter of points seen outside the general degradation zone in Fig. 1 is very limited, and mainly in the very small strain range; these are usually single data points arising, presumably, from inadequate resolution of strain. However, 5% of the published tests were excluded entirely. For example, the paper of Iwasaki et al. (1978) included 36 tests, but only 35 of them were used; also Kokusho (1980) published 18 tests, but two of them were excluded. The excluded tests deviated strongly from the general trend. In some references, the excluded soils were thought to be cemented, but in others there was no obvious reason for the deviation. Leaking membranes or some other major but unrecognised experimental problem may have occurred. As can be seen from Fig. 2 , the boundaries of the stiffness degradation zone, for those 95% of tests that have been included, are very clearly defined.
The database covers a wide variety of sandy soils, including dry, wet, saturated, reconstituted and undisturbed samples of clean sands, gravels, sands with fines and/or gravels, and gravels with sands and fines, representing 60 different materials (e.g. Toyoura sand, Ottawa sand, undisturbed Ishikari sand). The samples were prepared to investigate the effects of changing the void ratio, relative density, anisotropy, drainage conditions and confining pressure, and were tested under drained and/or undrained conditions in static and dynamic tests. The various parameters and soil state/test numbers are given for all references in Table 1 . It is suggested that these two columns should be evaluated together; the number in parentheses in the last column repre-STIFFNESS OF SANDS THROUGH A LABORATORY TEST DATABASE sents the number of sand states, and it is followed by the number of tests. For example, Chung et al. (1984) applied three different confining pressures on the same sample, so it is given as (1)3. In another row, Lo Presti et al. (1997) used six samples with different void ratios and tested them under the same confining pressure, so it is given as (6)6.
Since it includes so many references and test numbers, it is impractical to list all the details of the database. Fig. 3 was therefore prepared to illustrate the scope of the database. The materials are mostly sands of various gradings, but mainly quite uniform, with some gravels; the relative density is mostly high but with some looser samples; and the confining pressures are mostly between 50 and 600 kPa, with a median of 150 kPa. Caution must be exercised in using correlations based on the whole database to make predictions for other materials that have 'unusual' sets of parameter values that are sparsely represented in the database.
Dynamic test data are more common in the literature, and unavoidable for very small strains. The database accordingly includes a considerable number of cyclic tests. However, an attempt was made to limit the numbers of cycles in a test to about ten, up to which any effects are generally found to be negligible (Alarcon-Guzman et al., 1989; Yasuda & Matsumoto, 1994) . Larger numbers of cycles may affect the shear modulus degradation rate at medium to large strain levels, presumably because of the tendency of granular materials to compact during cyclic loading. This same tendency causes excess pore pressures to develop in undrained tests, which can ultimately lead to liquefaction. It is interesting to observe, therefore, that Fig. 1 demonstrates no obvious tendency for bias between tests on dry or damp sand and those on saturated sand, irrespective of whether they were conducted drained or undrained. This tends to confirm that volume change effects have been negligible in their influence on shear stiffness.
Other influences are also too subtle to make it worth extracting them. There are about ten samples whose OCR value is between 1 and 5. Regarding these data, the effect of OCR on the degradation curve is apparently very limited. Yamashita & Toki (1994) indicated that the shear modulus of sands at small strain levels is not affected by OCR, although a slight effect has been observed for medium strains. And, as Yamashita & Suzuki (1999) showed, whereas the direction of principal stress influences the elastic modulus G 0 , it does not appear to change the G/G 0 -ª curve. Hence the normalised curve, given in Fig. 2 , also allows for the effects of anisotropy.
MODELLING SHEAR MODULUS DEGRADATION
The best-fit functional relationship for the secant shear modulus degradation data of Fig. 1 is shown in Fig. 2 as a modified hyperbolic equation in the form
noting that for ª , ª e , G/G 0 ¼ 1 . 0.
(a) Lower bound:
where G is the secant shear modulus at any strain; G 0 is the elastic (maximum) shear modulus (G at ª ¼ 0 . 0001%); ª r is the characteristic reference shear strain (shear strain at RCT+TST, RCT e, OCR, stress ratio, p9
Arango (2006) Calcareous and silica sands (dry, remoulded) RCT e, p9 (10)16 Kokusho & Esashi (1981) Toyoura sand (saturated), undisturbed diluvial sand, gravel (saturated)
e, p9
(3)11 Kokusho & Tanaka (1994) Gravel (undisturbed and reconstituted)
Laird & Stokoe ( 
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G/G 0 ¼ 0 . 50); a is the curvature parameter; and ª e is the elastic threshold strain beyond which the shear modulus falls below its maximum. This equation is in the form proposed by Darendeli (2001) , but including ª e as an additional curve-fitting parameter, which enables the expression to cover cementation and interlocking effects at small strains, as also influenced by changes in the confining pressure. If, on the other hand, the original relation for straindependent shear modulus given as equation (1) is formulated as a dimensionless equation, then it can be written
where A(ª) and m(ª) are strain-dependent parameters, and p a is a reference pressure of 100 kPa (effectively, the atmospheric pressure). Here, the simpler void ratio function 1/(1 + e) 3 was preferred to that of Hardin & Black (1966) , following statistical checks to demonstrate that the effects were imperceptible or slightly beneficial in reducing scatter.
Normalisation of strain using the reference strain ª r in equation (5) provides the most effective way of representing shear modulus degradation, but equation (6) provides the best understanding of other parametric influences on G. The use of equations (5) and (6) in sequence can provide a method for refining optimum functional relationships.
With the available information on p9 and e from the database, log-log graphs of G(1 + e) 3 /p a against p9/p a are shown in Fig. 4 , where the strain-dependent parameters A(ª) and m(ª) are deduced for various strains. Despite the scatter, the trends are consistent with the literature. In principle, of course, the A and m coefficients may also be a function of Teachavorasinskun et al. (1992) Toyoura sand (remoulded, loose and dense, saturated) CLTXT (U) p9. In order to investigate this, equations (5) and (6), which are alternative methods of representing shear modulus calculations at any strain level, can be compared.
To plot the results of equation (6) on the mean curve of G/G 0 against ª, p9 in equation (6) can be assigned as 150 kPa, which is the average value of the median stress range in Fig. 3 . Since G/G 0 is to be calculated, the void ratio function cancels, and is not required. Using p9, A(ª) and m(ª) from Fig. 4 , the G/G 0 values can readily be calculated and placed on Fig. 5(a) , where they lie very close to the mean curve, but not exactly on it. Since the normalised shear modulus curve gives a more reliable relation than the scattered relationship shown in Fig. 4 , it is preferred to modify the A(ª) and m(ª) values slightly from the values listed in Fig. 4 so as to fit exactly the mean curve in Fig.  5(a) . The refined values appear in Fig. 6 .
Once the calculated G/G 0 values of equation (5) have been fitted to the mean hyperbolic curve in Fig. 5(a) for the mean pressure p9 ¼ 150 kPa, other p9 values can be inserted in equation (6), and appropriate values of ª e and ª r can be derived from equation (5) to fit the new curves. The resulting family of degradation curves for varying p9 is shown in Fig. 5(b) . Fig. 6(b) , accumulating the results of 379 tests, shows that G 0 can best be expressed as a function of (p9) -0·25  0·25-0·40  0·40-0·55  0·55-0·65  0·65-0·70  0·70-0·80  0·80-0·95  0·95-1·15  Test number Void ratio, data of other researchers, as shown in Fig. 7 , it now creates a trend line appropriate to most sands, verifying the modification process explained above.
Reference strain and elastic threshold strain According to the database curve in Fig. 2 , G/G 0 is 0 . 5 at a shear strain between 0 . 02% and 0 . 1%, with a mean of 0 . 044%. Using a constant value a ¼ 0 . 88 in equation (5), and changing the confining pressure progressively from 10 kPa to 4 MPa, leads to the interesting offsetting of the modulus degradation curves towards higher values of strain, as seen in Fig. 5(b) . The trend of ª e and ª r increasing with confining stress is shown in normalised form in Fig. 8 . Both ª e and ª r exhibit a logarithmic function with stress in the low-stress range (p9 , 70 kPa). In the intermediate stress range (70 kPa , p9 , 600 kPa) the relation is nearly linear, but the rate of increase reduces slightly at even higher stresses. It must be presumed that grain contact deformation and damage are responsible for increasing characteristic strains in this way. For the most common confining stresses (70 kPa to 600 kPa), the sands typical of this database produce regressions for ª e and ª r as follows.
Darendeli (2001) and Menq (2003) suggested a power relation between ª r and p9. However, they both indicated that this relation tends to become linear for higher stresses. Menq (2003) also introduced the effect of uniformity coefficient for sands and gravels, and proposed an equation as follows. Unlike the approaches of Darendeli (2001) and Menq (2003) , it is considered convenient here to define the stress level as low, medium and high, and to accept a linear
Mean curve of database
and values used as given in Fig. 4 , 150 kPa At 0·0001% relation for medium and high stress levels. Moreover, a linear relation offers a better fit to the data than a power relation, at least for medium stress levels (70-600 kPa).
Further support for a linear relation between ª r and p9 comes from the normalised shear modulus degradation of Toyoura sand reported by Iwasaki et al. (1978) and Kokusho (1980) , and plotted in Fig. 9 . The corresponding changes in ª r are plotted in Fig. 10 for the stress range 50-300 kPa; the trend is obviously linear. The presumed cause of the different intercepts in Fig. 10 is the relative density of the respective trials, and possibly the influence of water at the smallest confining stresses. However, the gradients for this material in Fig. 10 are identical. To generalise the relation between ª r and p9, the database was searched for all those soils on which tests were conducted at three or more confining pressures, providing data for the evolution of ª r : This identified 24 sandy soils, and their data were split into four groups, as shown in Fig. 11 . It can be confirmed that almost all the plots of ª r exhibit a linear trend with increasing mean effective stress. As seen from Fig. 11 , both uniformity and relative density exert a significant influence on the ª r -p9/p a relation. Fig. 11 therefore represents the functional dependence of ª r on p9, I D and U c for different states and types of sandy soils.
Various regressions are given in Fig. 12 . Fig. 12(a) shows a power relation between ª r and void ratio e, albeit with a moderate coefficient of determination R 2 ¼ 0 . 54. Fig. 12 (b) shows negligible correlation between ª r and relative density I D , but Fig. 12(c) demonstrates a much-improved R 2 ¼ 0 . 74 for a power law correlation between ª r and the product eI D : This was initially unexpected. However, it is proposed that the group eI D may be a surrogate for grain shape, which is the most significant omission from the current study of sand characteristics in relation to stiffness degradation. High void ratio for a rounded sand would indicate low relative density, so the product eI D would also be small, whereas an angular sand could have a high void ratio at a high relative density and give a large product eI D : So the magnitude of eI D may indicate angularity. This possible explanation cannot be verified, since the authors whose work we have used did not generally remark on grain shape. Nevertheless, the statistical finding is significant.
If one equation will cover all these effects for calculating ª r , it must be expressed in the form
for medium stress levels. From Fig. 11 , it is understood that U c affects the slope of the ª r -p9/p a relation, and from Figs 10, 11 and 12 that the product eI D affects the ordinate. Accepting these functional relationships, a multivariable regression analysis for medium stress levels then produced the relation 0·0001  0·001  0·003  0·01  0·03  0·1  0·3  1  3  10   5760  5520  5230  4520  3150  1810  880  370  180 
It is interesting to reflect on the physical origins of granular behaviour that could lead to the parametric influences in equation (11). An increase in uniformity coefficient U c leads to a reduction in ª r -that is, to a swifter loss of elastic stiffness with strain. McDowell & Bolton (1999) discussed the consequences of a dispersion of particle sizes in terms of the strain incompatibility between the fine matrix and the larger particle. The introduction of large particles inevitably causes premature sliding of smaller particles in contact with them. Since a sliding contact no longer contributes its tangential shear stiffness to the global shear modulus, the onset of sliding coincides with the reduction of G/G 0 : In other words, the reference strain ª r is reduced when there is a greater disparity in grain sizes. Equation (11) supports this finding.
According to equation (11), it must also be accepted that increased mean effective stress p9 or increased relative density I D (noting that an increase in I D overwhelms the concomitant reduction in e) tends to protect the granular material somewhat from the reduction of stiffness due to strain: ª r increases. This might be attributed in both cases to increased interlocking. Increased p9 will lead to increased contact flattening, and a tendency to suppress degrees of freedom associated with sliding. Increasing I D also wedges more grains in place. In these cases, small strains are more likely to involve elastic contact deformation mediated by a greater amount of grain rotation, and a reduced proportion of contact sliding. It may therefore be concluded that equation (11) is in accordance with a micromechanical understanding of soil behaviour.
Elastic threshold strain marks the onset of non-linearity, and is therefore associated with the onset of contact sliding. Identical micromechanical considerations apply to ª e as to ª r ; it must therefore be anticipated that they will be correlated. The value of ª e can be extracted from the database using the best-fit modulus reduction curve as expressed by equation (5). Furthermore, it is clear in Fig. 5(b) that ª e increases at G/G 0 ¼ 1 during an increase in the mean effective stress, and that it has the same trend as ª r , albeit at a much smaller strain magnitude: this was set out in Fig. 8 . Fig. 13 demonstrates that a simple linear relation can be derived between ª e and ª r (expressed in percentages) using all the available data, as undisturbed sandy and gravelly soils. According to Menq (2003) , although the a value for Toyoura sand did not show any trend with confining pressure, the author's dry sandy and gravelly soils gave a trend in the form of a ¼ 0 . 86 + 0 . 1 log(p9/p a ). Nevertheless, according to the expanded database presented here, no clear evidence is seen of a dependence of a on mean effective stress. However, as shown in Fig. 14 , a does appear to depend on soil type or condition, with reasonable correlations with void ratio, mean grain size and uniformity coefficient. It was found that multivariable regression was not required to express these variations, however. The best correlation (R 2 ¼ 0 . 87) was between curvature parameter a and uniformity coefficient U c , as shown in Fig. 14(c) .
Since an increase in U c inevitably causes a reduction in void ratio e due to improved packing, the correlation (albeit weaker) between a and e in Fig. 14(a) is easily explained. Furthermore, the database shows that high U c values were generally achieved by adding gravel to sand mixtures, thereby explaining the correlation (again, weaker) between a and D 50 : Finally, it must be acknowledged that the micromechanical interpretation of equation (13) itself is that, once contact sliding has begun and G/G 0 has begun to reduce, uniformly graded soils (U c ¼ 1; a ¼ 1) show a faster deterioration with strain than well-graded soils (e.g. U c ¼ 10; a ¼ 0 . 85), since a is a power in the denominator of equation (5). This interesting observation could be studied further using discrete-element modelling.
Whereas a ¼ 0 . 88 was used as the mean curvature param- eter for the G/G 0 -ª curves of the whole database of sandy soils in Fig. 2 , the statistical analysis of variations between the characteristics of the soils and their test conditions has resulted in the more refined expression in equation (13). Although parameters such as ª r and a may not appear to vary very much, their influence on soil stress-strain curves is by no means insignificant. Fig. 15(a) translates from G against ª at mean effective stress p9 ¼ 100 kPa into shear stress ô against ª in a hypothetical simple shear test. The elastic stiffness at very small strains is taken as a constant G 0 ¼ 250 MPa. In Fig. 15(a) it is shown that, for a typical sand with a ¼ 0 . 88, the influence of reference strain ª r in the range 0 . 02-0 . 1% creates a fourfold variation in the mobilisation of shear stress up to 1% shear strain. Fig. 15(b) shows a more modest, but nevertheless significant, variation in expected mobilised shear stress due to variations of a within the typical range 0 . 80-1 . 0, for the average value of ª r ¼ 0 . 044%.
VALIDATION
In the case of unavailability of the linear elastic shear modulus value and its reduction by straining for a sandy soil, it is possible to calculate them with equations (5), (11), (12) and (13) proposed in this paper. Comparisons between measured and predicted values can be validated against the database. In Fig. 16(a) it is shown that 86% of the 345 calculated values of G 0 lie within a factor of 2 of the measured values, implying a standard deviation of a factor of 1 . 6 if the variation is normally distributed. Fig. 16(b) shows that 94% of the 194 calculated values of reference strain ª r lie within a factor of 2 of the measured values, implying a standard deviation of a factor of 1 . 4. And Fig. 16(c) shows that all 280 calculated values of curvature parameter a effectively lie within a factor of 1 . 3 of the interpreted measurements.
The overall significance of the residual deviations in modulus reduction, G/G 0 , between predictions and measurements can best be assessed by plotting predicted against measured values for all 3860 data points accumulated from all the tests, on those soils in the new database that are sufficiently well classified to enable the comparison. This is presented in Fig. 17 , where it can be seen that 98% of predictions lie within a factor of 1 . 3 from the measurements. Assuming a standard distribution of error, this implies a standard deviation of a factor of 1 . 13 arising as an unresolved variability. Figure 18 shows the degradation curves calculated using equations (5), (11), (12) and (13) for ten named soils in clearly designated tests, compared with the corresponding raw test data. These ten examples are chosen to illustrate the full range of sandy soils having different void ratios, relative densities and uniformity coefficients. The whole range of the database and its central tendency are included in each case so that the success of the new predictive tools can be perceived.
APPLICATION
Statistical correlations such as those produced here find their application in a risk-based approach to design when calculations are to be based on elementary soil classification data, prior to a decision on whether or not to conduct more expensive and time-consuming field or laboratory tests. The aim of this paper has been to offer the designer clear guidelines from which the shear stiffness G of a typical sand can be estimated at any required magnitude of strain, and an understanding of the possible variability in that estimate. In that regard it is striking that the new database leaves a factor of uncertainty on elastic stiffness G 0 of 1 . 6 for one standard deviation, whereas the similar factor on G/G 0 is as small as 1 . 13. The elastic stiffness G 0 must be a function of soil fabric, and sensitive to anisotropy; this functionality can obviously have no correlation with disturbed soil properties such as classification parameters. Clearly, engineers should be encouraged to measure G 0 by seismic methods in the field, if possible. Appropriate use of down-hole and crosshole logging will provide G 0 values pertinent to the required mode of ground deformation, accounting for anisotropy (Clayton, 2011) .
Although the uncertainty in stiffness degradation has been reduced to a great extent in the current work, this is only applicable in practice if three key parameters can be estimated: void ratio e, relative density I D , and uniformity coefficient U c : Although the sand replacement test can be used to obtain a measurement of void ratio in situ, it can be carried out only on exposed benches of soil. The determination of void ratio in sands at depth is more difficult. However, estimates of each of the three key parameters can, in principle, be made from an SPT probe with a split sampler. Relative density can be estimated from the corrected blow count N 60 and the vertical effective stress (ó 9 v0 in kPa) as
following authors such as Gibbs & Holtz (1979) and Skempton (1986) . And since the split sampler provides a disturbed sample, this can be sieved for U c , and also subjected to maximum and minimum density and specific gravity tests from which e max and e min can be found. Accordingly, the void ratio in situ can be estimated from the relative density. There is therefore no practical barrier to the use in practice of the stiffness relations provided here.
Equations (5), (11), (12) and (13), taken together with the in situ measurement of G 0 in the required mode of ground deformation, permit the engineer to estimate the in situ stress-strain curve of sands, and Fig. 4 allows that value to be corrected for future changes in mean effective stress, within statistical bounds. These expressions can also be used in non-linear numerical analyses, permitting them to be validated through field testing. For example, Oztoprak & Bolton (2011) demonstrate the use of this modified hyperbola in FLAC3D, to explore the fitting of self-boring pressuremeter tests in Thanet sand. An excellent match was obtained when appropriate secant values of the in situ angle of friction and angle of dilation were used for the fully plastic expansion phase, and when an allowance was made for initial disturbance affecting the lift-off pressure. Further discussion is also made of the potential impact of errors and ambiguities in the various values selected for the model. Further work to predict ground movements in sand in various applications is under way.
CONCLUSIONS
In order to assess the non-linear shear stiffness of sand, a database has been constructed including the secant shear modulus degradation curves of 454 tests from the literature.
A new shear modulus equation (equation (6)) was derived, with strain-dependent coefficients. Using this equation for the very-small-strain range (ª ¼ 0 . 0001%), the maximum shear modulus G 0 can be estimated by equation (6) within a factor of 1 . 6 for one standard deviation.
A modified hyperbolic relationship was fitted to the collected database of secant shear modulus curves in the form of equation (5), featuring three curve-fitting parameters: elastic threshold strain ª e , reference strain ª r at G/G 0 ¼ 0 . 5, and curvature parameter a.
The use of equations (5) and (6) in sequence provided a statistical methodology for refining optimum functional relationships. Linear relations between the characteristic strains ª e and ª r and the mean effective stress p9 offered the best fit to data from the most common range of confining pressure (70 kPa to 600 kPa): these were given in equations (11) and (12). Sands with more disperse particle sizes begin to lose their linear elastic stiffness at a smaller strain than is the case with more uniform sands; this is in accord with micromechanical reasoning based on premature slip occurring between large and small particles due to strain incompatibility. It was suggested that the product eI D , which has the effect of delaying the onset of intergranular sliding in equations (11) and (12), might stand as a surrogate for grain angularity, which increases interlocking; the influence of p9 was thought to have the same origins.
The curvature parameter a was found to be related to uniformity coefficient through equation (13), such that more uniformly graded sands suffer faster deterioration of stiffness with strain once intergranular sliding is under way.
The new empirical expression for shear modulus reduction G/G 0 is shown to make predictions that are accurate within Fig. 18 . Verification of predictions using equations (5), (11), (12) and (13) against shear modulus reduction curves of various sandy soils (UD, undisturbed; GC, gravel content) a factor of 1 . 13 for one standard deviation of random error, as determined from 3860 data points. This very narrow spread applies irrespective of the test type and soil condition, within the range listed in Table 1 . The initial elastic shear modulus, G 0 , should always be measured if possible, but a new empirical relation is shown to provide estimates within a factor of 1 . 6 for one standard deviation of random error, as determined from 379 tests.
